We consider a generation of two-particle quantum states in the process of spontaneous parametric down-conversion of light by a dielectric nanoparticle with χ (2) response. As a particular example, we study the generation of surface plasmon-polariton pairs with an AlGaAs nanoparticle located at the silver-air interface. We show that for particular excitation geometries, N00N-states of surface plasmon-polariton pairs could be obtained. The effect can be physically interpreted as a result of quantum interference between pairs of induced sources, each emitting either signal or idler plasmon. We then relate the resulting N00N-pattern to the general symmetry properties of dyadic Green's function of a dipole emitter exciting surface waves. It renders the considered effect as a general way towards a robust generation of N00N-states of surface waves using spontaneous parametric down-conversion in χ (2) nanoparticles. arXiv:2002.05268v1 [physics.optics] 
Introduction.
Generation of entangled photons and their correlation measurements became one of the central topics in quantum optics addressing both fundamental aspects of quantum mechanics and driving the development of novel solutions in quantum technologies [1, 2] . By now, the generation of entangled photons has been successfully downscaled from free space experiments to on-chip dielectric waveguides [3] enabling integrated quantum photonics applications ranging from quantum information (processing) [4] to spectroscopy [5] .
Moreover, the recent experiments have shown that the surface plasmon polaritons (SPPs) preserve the quantum coherence [6] [7] [8] and can transfer the quantum excitations despite the intrinsically strong dissipation (and related fluctuations) and collective nature of the single excitation. It has been demonstrated that SPPs allow longrange quantum interference [9] and form the so-called N00N states [10, 11] , which are prospective for lowering the quantum noise level below the shot noise limit [12] . Owing to strong spatial localization of SPP modes, they are known to be effectively utilized for optical sensing applications, and implementation of quantum SPP states opens a way for low-noise quantum sensing applications [10, [13] [14] [15] . The current approach to the generation of plasmonic N00N states is based on spatial separation of entangled photonic modes, i.e., by using beam splitters and cascaded Mach-Zehnder interferometers, which later are transferred to SPPs.
The most common mechanism of entangled quantum state generation is the second-order nonlinear process of spontaneous parametric down-conversion (SPDC). In the last few years, materials with strong second-order optical nonlinearity such as gallium arsenide (GaAs) and aluminum gallium arsenide (AlGaAs) have attracted significant attention, because they provide a drastic increase of * nikita.olekhno@metalab.ifmo.ru nonlinear optical interaction efficiency on the sub-micron scales [16] [17] [18] . That resulted in the observation of the entangled photon pairs generation from a single resonant AlGaAs nanodisk supporting Mie resonant modes [19] .
In this Letter, we consider the generation of N00N states through the nonlinear decay of a pump photon at a nanoparticle made of χ (2) material accompanied by a directional excitation of SPPs at the metal-dielectric interface, Figure 1 (a). Following the general Green's func- Figure 1 . (a) Schematic representation of the generation of a N00N-state of surface plasmon-polariton pair during the SPDC process. (b) Considered geometry of the process. A GaAs nanoparticle demonstrating second-order nonlinear response is located at the silver-air interface. Excitation of the nanoparticle with a classical pump light in TM-geometry causes a creation of two surface plasmon-polaritons shown with wavy arrows. The angle between the pump wave vector and the interface normal is θ. (c) Two-plasmon counting rate W as a function of in-plane angular positions of detectors ϕi, ϕs spanning the entire 2π range. The angles ϕi and ϕs are calculated with respect to the positive direction of the pump wave's electric field. The following parameters are used: θ = 0 o , a = 30nm, zi = zs = 15nm, ρi = ρs = 12µm.
tion formalism outlined earlier [20, 21] , we demonstrate that one can obtain N00N-states of SPP pairs by using a GaAs nanoparticle, and that this result remains robust for a wide range of excitation conditions owing to general symmetry properties of Green's function of the nanoparticle.
Theoretical Model. We focus on the generation of SPP pairs via the spontaneous parametric down-conversion of pump photons. In the course of this process requiring second-order nonlinearity, one pump photon at the frequency ω pump is converted into two excitations, idler at the frequency ω i and signal at the frequency ω s . The energy conservation condition defining the frequencies of down-converted excitations reads as ω pump = ω i + ω s . For the sake of simplicity, we consider a degenerate SPDC process with ω i = ω s = ω pump /2. However, the following results can be straightforwardly generalized to a nondegenerate case as well.
Our description is based on the dyadic Green's function formalism developed in Ref. [20] . The considered technique involves explicitly field detectors, and thus allows taking into account the damping of propagating waves, which is crucial for the studying SPPs generation.
Within this approach, spatial correlations between the generated photons or SPP's can be characterized by two-particle count rate
, which describes the simultaneous detection of two photons or plasmon-polaritons. In the relation above, r i and r s are the positions of idler and signal detectors, respectively, d i and d s are their dipole moments, and ω i , ω s are the frequencies of excitations being detected. Delta function represents the energy conservation during the SPDC process. The introduced quantity W allows describing spatial correlations between the idler and signal photons. It is proportional to the square of the two-photon amplitude T , which can be expressed as (see Ref. [20] and Supplementary Material therein)
The integration is performed over the entire volume V 0 of the nonlinear system generating entangled pairs, G αβ (r, r , ω) is a dyadic Green's function for the corresponding environment and Γ αβ (r) is the generation matrix. The latter is related to the second-order nonlinear susceptibility tensor χ (2) as
with E pump (r)e −iωpumpt being the electric field of a classical pump. Thus, spatial correlations within the generated pair are defined by the matrix elements of the convolution of three tensors, two characterizing the Green's functions at the given detection positions r i and r s and the central one describing the nonlinear generation process. The latter sufficiently depends on the form of the susceptibility tensor of generating system. Dipole approximation. Before we proceed with a consideration of the surface plasmon-polariton quantum states, we first give a more transparent and physical description of the two-photon amplitude. Assume that the size of the nonlinear scatterer is much smaller than the wavelength and, thus, it can be treated in the dipole approximation. Then, the nonlinear tensor will have a simple form χ
where r 0 is the position of the dipole scatterer, and V 0 is its volume. The two-particle amplitude T takes the form
Thereby, the spatial correlations between the generated photon (plasmon) pairs can be represented as a result of interference of electric fields produced by pairs of dipole emitters each emitting one excitation at half the pump frequency, Figure 2 . The directions of these induced dipoles are defined by the structure of the nonlinear susceptibility tensorχ (2) , as well as the direction and polarization of the pump wave. The detecting dipoles d (i) and d (s) define the particular polarizations of the generated photon or SPP field which are registered by the single-photon detectors.
Generation of entangled surface plasmon polaritons. The proposed formalism can be easily extended to generation of SPPs owing to the universality of the dyadic Green's functions. In the case of a nanoparticle located in the vicinity of the interface, dyadic Green's function is given by a sum of two contributions:Ĝ =Ĝ (0) +Ĝ (ref) . The vacuum termĜ (0) corresponds to the dipole radiation in a free space and is given by the well-known expression [22] 
and k 0 = ω/c. The second contributionĜ (ref) takes into account reflection from the interface, and can be represented in the form of a one-dimensional integral
Here the variable s = k 2
x + k 2 y /k 0 is the dimensionless wave vector. Elements of the matrixM are proportional to Bessel functions of the first kind and Fresnel reflection coefficients for TM-and TE-polarized waves. We evaluate corresponding integrals numerically using experimentally measured values of the silver permittivity from Ref. [23] . In the case of purely imaginary s air z , characteristic of evanescent waves localized at the surface, this second termĜ (ref) describes the SPP field.
Generation of SPP N00N states with AlGaAs nanoparticle. Hereafter, we consider a system composed of GaAs nanoparticle located at the silver-air interface, Fig. 1 . Non-zero elements of the corresponding χ (2) tensor are χ
0 [24] . We assume that the size of the nanoparticle a is related to the pump radiation wavelength λ and the refractive index of the nanoparticle material n as a λ/n, and the nanoparticle can be treated as a point electric dipole. Thus, we consider a case when the particle itself is non-resonant, and all the resonant behavior is attributed to the excitation of surface plasmon-polaritons. From now on, we focus our attention on the generation of SPP pairs.
We consider the following geometry of the system. A nanoparticle made of GaAs is placed at the silver-air interface in such a way that crystalline axes of the material are directed along the x||[001], y||[010] and z||[100] axes of the cartesian system shown in Fig. 1(b) . The pump is linearly polarized in the TM-geometry corresponding to the electric field of the pump wave located in the xz-plane. At normal incidence, θ = 0 o , the pump electric field is directed along the x-axis. Then, the only two non-zero elements of the generation matrix Γ αβ = E 0 χ (2) αβx e x are Γ yz and Γ zy , and the corresponding dyadic decomposition readsΓ = E 0 χ (2) (|e y e z | + |e z e y |). For convenience, we consider both detectors located at the same radial distance ρ 0 in the xy-plane with respect to the center of the nanoparticle projection onto the mentioned plane, and at the same height z 0 . In our numerical simulations, we take the values ρ 0 = 12 µm and z 0 = 10 nm which correspond to the far-field region as well as to the detection of sur-face waves with electric field concentrated in the vicinity of the interface. Then, the coordinate dependence of the amplitude Eq. (2) reduces to the angular positions of the detectors ϕ i and ϕ s only, T (r i , r s ) = T (ϕ i , ϕ s ), as shown in Fig. 1(a) .
To define N00N-pattern in the considered system, we divide the entire in-plane range ϕ ∈ [−π, π] of propagation directions for both idler and signal SPP's into two regions corresponding to the left 0 < ϕ < π (L) and to the right −π < ϕ < 0 (R) with respect to the positive direction of k pump . Thus, the angular space of Fig. 1(b) splits into four quadrants |L |L , |R |L , |R |R and |L |R , correspondingly, which we treat as effective detected states assuming that the SPP's are captured by large apertures covering broad angular range. Within the introduced terms, N00N-state is defined as
highlighting that the idler and signal plasmons propagate together either in the upper or in the lower half-plane of the interface. To formalize the definition of N00N-state, we also calculate the Schmidt number
where Λ m are Schmidt coefficients defined via a decomposition of two-photon wavefunction T (ϕ i , ϕ s ) in the basis of single-photon modes u (i) (ϕ i ) and v (s) (ϕ s ) as In contrast to detection rate W , Schmidt number takes into account phase of the two-photon wave function T , thus allowing more rigorous classification of quantum states. For maximally entangled states, Schmidt number K = 2, whereas for non-entangled states K = 1. As we will demonstrate further, the pattern in Fig. 1(c) corresponds to K = 2 and thus represents a maximally entangled state.
By setting the polarizations of idler and signal detectors to be linear and directed along the z-axis, d (i) = d (s) = d 0 e z , we finally obtain a simple expression for the two-plasmon amplitude:
where the dimensional prefactor is T 0 = χ
0 E pump d 2 0 and the indices (i), (s) denote Green's functions with the arguments (ϕ i , ω i ) and (r s , r 0 , ω s ), respectively. The combination of the Green's function components with account W, a.u. 0 0,5 6) for the same parameters of the system as in Fig.1c , but at different pump angles θ within the TM-geometry.
of their symmetry properties ensures the N00N-pattern demonstrated in Fig. 1(b) . Indeed, the two-plasmon detection rate W (ϕ i , ϕ s ) ∝ |T | 2 is then expressed as
where single and double primes denote the real and imaginary parts of the Green's functions, correspondingly, and the prefactor is
βα is taken into account. A simple way to check that Eq. (6) results in the N00N-pattern within the angular variables ϕ i , ϕ s consists in tracking the magnitude of W along some characteristic lines marked in Fig. 1(c) . Indeed, for ϕ i = ϕ s the Green's functions for the signal and idler plasmons coincide, G (i) αβ = G (s) αβ = G αβ , and thus the expression for the two-photon counting rate takes the form
As seen from Fig. 2 , this quantity reaches its maximum at ϕ i,s = ±π/2, whereas for ϕ = 0 and ϕ = ±π two-plasmon detection rate equals zero. This profile is shown with the dotted line in Fig. 1(c) . At the same time, for ϕ i = ϕ s + π the idler and signal Green's functions relate as G Fig. 1(c) ). The same holds for ϕ i = −ϕ s , hence W (ϕ, −ϕ) = 0 as well (dash-dotted line in Fig. 1(c) ). Thus, the N00N-state is generated as a result of a nonlinear interference related to both the properties of the χ (2) tensor of the nanoparticle as well as to the general symmetry properties of Green's function for the dipole source exciting surface waves.
Next, we examine the robustness of the N00N-state generation with respect to changes in the pump geometry. It can be straightforwardly obtained that in this case, one of the induced dipoles is oriented at the angle θ with respect to the normal in the xz-plane whereas another one is still oriented along the y-axis, Fig. 3(a) . In Fig. 3(b-e ) the two-plasmon detection rates at different angles of the pump photon incidence within the TMgeometry are shown. It is seen that the pattern slightly changes even at relatively large angles from the normal incidence, as seen from Fig. 3(c) . However, if the pump angle θ differs from 0 o , then the dyadic decomposition Eq. (1) includes additional terms that lead to a distortion of the desired N00N-pattern, Fig. 3(d) . Finally, if the incidence is nearly oblique, then a completely different state is observed ( Fig. 3(e) ), which corresponds to the generation of two surface plasmon-polaritons in the opposite directions with a nearly isotropic distribution.
In the case of TE-geometry of excitation, the dyadic decomposition Eq. (6) stays the same independently of the pump angle, and the N00N-pattern is preserved. However, the effective pump electric field inside the nanoparticle results from the interference between the electric field of the incident pump wave and its reflection. Thus, different pump angles in the TE-geometry correspond to different pump magnitude leading to different efficiencies of the N00N-state generation, Fig. 4 .
Finally, we consider a non-degenerate SPDC process corresponding to different frequencies of the detected Δω ω plasmons ω i = ω s (see Fig. 5) ). In such a case, Green's functions of idler and signal plasmons are characterized by different wavelengths, which can lead to considerable changes in the resulting state geometry. As seen from Fig. 5 , Schmidt number K plotted as a function of the frequency difference between the idler and signal SPP's ∆ω oscillates between K = 1 corresponding to factorizable states and K = 2 highlighting entangled N 00Nstates. It is a result of the difference in the idler and signal wavelengths, which affects the interference of the idler and signal Green's functions in Eq. (6) .
Conclusion. In this Letter, we studied the generation of surface plasmon-polariton pairs through spontaneous parametric down-conversion taking place in a nonlinear nanoparticle located in the vicinity of a metallic substrate. We have revealed that for a GaAs nanoparticle, robust N00N-state generation is possible.
The important property of the observed N00N-pattern is that it is related only to some symmetries of the Green's functions and to the form of the χ (2) tensor in combination with the excitation and detection geometry. Thus, the obtained results and developed approach can be straightforwardly generalized to more sophisticated cases of nanoparticle assemblies that preserve the desired symmetries, or generation of various surface waves besides surface plasmon-polaritons, as well as for generating N00N-states of photon pairs by outcoupling the emitted plasmons in the far-field. Moreover, the nanoparticles of larger sizes comparable to the wavelength can also be considered that will increase the efficiency of SPDC process. This way, one should take into account the excitation of the higher-order multipolar components in the nanoparticle and their consequent decay into the other modes preserving particular symmetry rules typical for the second-order nonlinear processes [25, 26] . This renders the considered scheme as a general recipe for the symmetry-based nonlinear generation of N00N-states with nanoparticles.
